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Abst rac t - - In  this paper, we consider the delay diff~ence quation 
Zn+l -Xn+Pnzn-k=O,  n=0,1,2, . . . ,  
where {p,) is a sequence of nonnegative r al numbers and k is a positive integer. Some new results 
for the oscillation of this equation are obtained. Our theorems improve all known results in the 
literature. (~) 2001 Elsevier Science Ltd. All rights reserved. 
geywords--Osci l lat ion, Nonoscillation, Difference quation. 
1. INTRODUCTION 
In recent years, the study of the oscillation of all solutions of delay difference equations has drawn 
extensive attention. See, for example, [1-10] and the references cited therein. 
Consider the delay difference equation 
xn+l - xn + PnXn-k = 0, n = 0, 1, 2 , . . . ,  (1.1) 
where (Pn) is a sequence of nonnegative real numbers and k is a positive integer. 
By a solution of (1.1), we mean a sequence {xn) which is defined for n > -k  and satisfies (1.1) 
for n > 0. A solution {x , )  of equation (1.1) is said to be oscillatory if the terms x ,  of the 
solution are neither eventually positive nor eventually negative. Otherwisel the solution is called 
nonoscillatory. 
Erbe and Zhang [1] first proved that all solutions of equation (1.1) oscillate if 
k k 
# := liminfpnn_.oo > (k + 1) k+l (1.2) 
or  
k 
l imsup~pn_~ > 1. 
n--+OO i=O 
Later, condition (1.2) was improved, by Ladas, Philos and Sficas [2], to 
k. kk+l 
:= l iminf ~-~pn_i > 
n-"+00 i--I (k + 1) k+l" 
(1.3) 
(1.4) 
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There is an obvious gap between conditions (1.3) (or (1.2)) and (1.4). I t  is interesting to 
establish sufficient conditions for the oscillation of all solutions of equation (1.1) when (1.2)-(1.4) 
are not satisfied [7-10]. 
In 1995, Stavroulakis [7] proved that  if a > M > 0 and 
M 2 
l imsuppn > 1 - - -  (1.5) 
n---~(X) 4 ' 
then all solutions of (1.1) oscillate. 
In [9], Chen and Yu obtained that  all solutions of equation (1.1) oscillate if 0 < c~ _< kk+l/ 
(k + 1) k+l and 
k 1 -- ~ -- ~/1 -- 2c~ -- ~2 
l imsuPEPn_~ > 1 -- 2 (1.6) 
n--~(X) 
i----0 
Recently, Tang and Yu [10] improved condition (1.6) to 
k 1 H (1 -- pn_./_jf(oz)) -1 l imsuPEPn_ i  min (1 - -p,~_j_kf(oo)- l , f (o~) 
n-~oo i----0 j= l  
(1.7) 
1 + In f (a )  1 - a - ~/1 - 2a - a 2 > 
f(ol) 2 ' 
where f (a )  e [1, k/ (k  + 1)a] satisfies equation f (a) [1  - a/kf(oO] ~ = 1. 
The purpose of this paper is to use some new techniques to obtain new oscillation criteria for 
equation (1.1). We mainly discuss the case when 0 < # < k~/(k + 1) k+l, but not the case when 
. k • • 0 < c~ < kk+i/(k + 1) k+l Observe that  l iminfn-,oo ~-~ik=lp,~_i > )-~i=1 hmmfn-~pn- i ,  that  is, 
k# < c~. Thus, our conditions are weaker. Moreover, our results improve conditions (1.5)-(1.7). 
For convenience, we will assume that  inequalities about  values of sequences are satisfied even- 
tual ly for all large n. 
2. LEMMAS 
We need the following lemmas. 
LEMMA 2.1. Assume that 0 < # < kk/(k + 1) k+l and {Xn} be an eventually positive solution 
of (1.1). Then 
l imsup xn < ~, (2.1) 
n---*oo Xn- -  1 
where A = ~(#) is the greatest real root of the equation 
Ak+l _ )~k + # = 0, on [0, 1]. (2.2) 
PROOF. Since {xn} is an eventually positive solution of (1.1), by (1.1), {xn} is eventual ly de- 
creasing. I t  follows that  eventually, 
Xn 
- - -  < 1 := A1, (2.3) 
Xn- -1  
which implies that  (2.1) holds for # = 0 because A(0) = 1. Now we assume that  0 < # < 
kk/(k  + 1) k+l. Then for any e E (0,#), we have p,~ > # - e for large n. From (1.1) and (2.3), we 
have 
• Xn- -1  ~ --  
xn-1 >_ xn +Pn- l~ >- Xn + - ' - '~- -Xn- -1 .  
*'1 "~1 
Hence, we obtain 
Xn < 1 #-e  
- -  - - ~ : =  A2 .  
xn- t  ),~ 
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Following this iterative procedure, by induction, we get 
x~< I #-~ 
Xn--1 __ -- A----~m :=  Am+l ,  m = 1,2 , . . . .  
It is clear that 1 : )u > A2 > ..- > Am > A,n+l > 0, m = 1,2 , . . . .  Therefore, the limit 
limm--,oo Am = A(#, c) exists and satisfies A k+l - A k + (# -e )  = 0. Thus, lim suPn_,oo xn/xn-1 <- 
A(#,e). It follows that (2.1) holds when taking e ~ 0. The proof is complete. 
LEMMA 2.2. Assume that 0 < # <_ kk/(k + 1) k+l and {x,~} is an eventually positive solution 
of (1.1). Then 
liminf xn _>~, (2.4) 
n--*oo Xn_ 1 
where A = A(#) is the smallest real root of the equation 
on [0, 11, (2.5) 
and A is defined as in Lemma 2.1. 
PROOF. It is clear that eventually xn/xn-1 > 0, which shows that (2.4) holds for p = 0 because 
A(0) = 0. We now consider the case when 0 < # <_ kk/(k + 1) k+l. Then for any e E (0, #), by 
assumption and Lemma 2.1, we have for large n, 
Xn Pn>#-e ,  - -  <A+e,  0<A<I .  (2.6) 
Xn--1 
From (1.1), we have 
Xn+i ---- Xn+i+l -+- pn+iXn+i-k, i = O, 1, 2 , . . . ,  k - 1. 
Summing the above equality, it follows that 
Equations (2.6) and (2.7) yield 
k-1  
X n : Xn+ k -}- EPn+iXn+i_  k. 
i=0 
(2.7) 
k-1  k -1  
i=0 i----0 
( 1 1 
> (p,-e) 1+~---~+ (A+e)-----------------"~+'"+ 
(. - ~) [1 - (A + ~)"] 
= (A q- g)k-l(1 -- (A ; 8))Xn-1, 
1) 
(A -t- e) k-1 Xn--1 
and so 
x .  > (u - ~) [1 - (A + ~)k] 
- -  :---- ~1.  
Xn-1 -- (A -t- e )k - l (1  -- (A -1- 8)) 
Using the above inequality and (2.6),(2.7) leads to 
(u - s) [1 - (A + ~)k] 
Xn > Rlk+lxn_ l  -~- (A q-- s )k - l (1  -- (A -}- g)) xn - l "  
Thus, 
~>Xn-1 -I- (A + ~)k_i(1_ (A +e.)) := ,~2. 
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Repeating the above arguments, by induction, we obtain 
x ,  ~k+l (/z -- e) [1 -- (A + e)k] 
Ix,_1 > -m + (~- j~_ -T (~ - (~+ e)) :--- Am+~, m = 1 ,2 , . . . .  
It is clear that 0 < ~1 < ~2 < "'" < ~m < ~m+l < 1, m = 1,2, . . . .  Therefore, the limit 
limm-.oo ~,~ = A(#, 6) exists and satisfies 
~k+l_~+ (# -- 6) ' [1--  ('~ + e)k] =0.  
(~ + ~)k-~(1 -- (~ + 6)) 
Thus, liminfn_.oo x,~/xn_l >_ ~(#,e). It follows that (2.4) holds when taking e --+ 0. It is easy 
to see that the above equality (after taking e --+ 0) leads to (2.5) by using (2.2). The proof is 
complete. 
LEMMA 2.3. Assume that 0 < a < kk+l /(k + 1) k+l and {Xn} is an eventually positive solution 
of (1.1). Then 
l iminf xn+l >~:=max{~ k+~, 1 -°~-x /1 -2a-a2}  
n--*oo Xn_  k -- 2 ' 
(2.8) 
where ~ = ~(#) is defined as in Lemma 2.2. 
PROOF. As in the proof of [9], we have 
liminfXn+l > 1-a -x /1 -2a-a  2 
n-~oo xn-k -  2 (2.9) 
k k ° • Observe that liminf~_~oo ~i=lPn- i  >- ~=1 llmmf~-~ooPn_i, that is, k# < a. Thus, 0 < # < 
kk/(k + 1) k+l. From Lemma 2.2, we get 
liminf Xn+l > ~k+l. (2.10) 
n--*oo Xn_  k 
Equations (2.9) and (2.10) imply (2.8). The proof is complete. 
3.  RESULTS AND PROOFS 
THEOREM 3.1. Assume that 0 < # <_ kk / ( k + 1) k+l . Then all solutions of equation (1.1) oscillate 
if 
l imsuppn > (1 - ~) A k, (3.1) 
n--*C~ 
where A and ~ are defined in Lemma 2.1 and Lemma 2.2, respectively. 
PROOF. Suppose equation (1.1) has an eventually positive solution {x~}. Then, by Lemmas 2.1 
and 2.2, for any e > 0 and large n, we have 
Xn 
- ~ < < A + ~. (3.2) 
Xn--1 
From (1.1) and (3.2), we have 
Xn p,  = . . . .  
Xn-k  Xn-k  Xn-k  Xn-k  
< [1 - (x - ~)] (~ + ~)k. 
Taking the limit superior as n --* oo, then letting e --+ 0, we are led to a contradiction. The proof 
is complete. 
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When k = 1, it is not difficult to see that 
A = 
1+ lV/i-Z 4it X= 1 - v/i-Z--~ 
2 ' 2 
Thus, we have the following. 
COROLLARY 3.1. Assume that 0 < It < 1/4 and that 
l imsuppn > (1+ ~ )  2" ,~--,~ (3.3) 
Then all solutions of the equation 
Xn+l  -- Xn -{- pnXn-1  = 0 (3.4) 
oscillate. 
It is easy to see that when # = 1/4, condition (3.3) reduces to 
1 
lim sup Pn > ~, 
which cannot be improved (see [1]). 
Assume that 0 < a < kk+l/(k + i) k+l. Then all solutions of equation (1.1) THEOREM 3.2. 
oscillate if 
k 
. 1 
hmsup ~-':~pn-i~__ > ! - /3,  (3.6) 
n--*cO i----0 
where A and/3 are defined in Lemma 2.1 and Lemma 2.3, respectively. 
PROOF. Suppose equation (1.1) has an eventually positive solution {xn}. Then, as in the proof 
of Theorem 3.1, we have that (3.2) holds. From (1.1), we have 
Xn-k+i  -~ Xn-k+i+l  -~-Pn-k+iXn-2k+i ,  i = O, 1,. . .  ,k. (3.7) 
Summing (3.7) from i = 0 to i = k, we have 
k 
Xn-k  -~ Xn+l  "4- Epn- iXn-k - i .  
,=0  
By (3.2), 
and so 
k 
i=0  
k 
E 1 xn+l 
Pn-i (A 5re~ < 1 
/=0  " " Xn-k  
Taking the limit superior as n --* oo, then letting e --~ 0 and using Lemma 2.3, we are led to a 
contradiction. The proof is complete. 
Assume that 0 < # < kk / ( k + 1) k+l. Then all solutions of equation (1.1) oscillate THEOREM 3.3. 
i f  
k- I  
i----O 
where A and A are defined in Lemma 2.1 and Lemma 2.2, respectively. 
(3.8) 
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PROOF. Suppose quation (1.1) has an eventually positive solution {xn}. Then, as in the proof 
of Theorem 3.2, we have that (3.2) and (3.7) hold. Summing (3.7) from i = 0 to i = k - 1, we 
have 
k 
x,~-k = x,~ + ~-~Pn- iXn-k - i .  (3.9) 
i=l  
By (3.2), 
and so, 
k 1 k + 
i...~1 
k 
i=1 -~ e)--''-7 < 1 -- (A -- e) k • 
Taking the limit superior as n ~ c~, then letting e --, 0, we are led to a contradiction. The proof 
is complete. 
We note that when k = 1, Theorem 3.3 also reduces to Corollary 3.1. 
THEOREM 3.4. Assume that 0 < a < kk+l/(k + 1) k+l. Then a11 solutions of equation (1.1) 
oscillate if 
l imsup Pn-i rain Ai, 1 -  Pn-~-j---, >Ak(1 -k lnA) -~,  (3.1o) 
n~c~ i=0 )~3 
where A and ~ are defined as in Lemma 2.1 and Lemma 2.3, respectively. 
PROOF. Suppose quation (1.1) has an eventually positive solution {xn}. ff # = 0, since A(0) = 1 
and A(0) = 0, it follows that (3.10) leads to (1.6). Therefore, all solutions of equation (1.1) 
oscillate. We now assume that 0 < # < kk / (k+l )  k+l. Then, for any e E (0, l -A ) ,  by 
Lemmas 2.1 and 2.2, we have for large n, 
Xn 
< A + c < 1, (3.11) 
Xn-1  
and so, xn/xn-k < (A + S)k < 1. Thus, there exists an integer l with 1 < l < k such that 
z.-t+____A < (~ + e)k, z~-___kl > (~ + e)k. 
Xn-k  Xn-k  
Let { E [0, 1) such that 
xn-I  + { (xn- l+l  - z~- l )  
Xn-k  
From (3.9) and (3.11), we have 
= (A + e)k. (3.12) 
k 1 
and so, 
k 
Xn 1 
Xn--k j-~l 
It is easy to see that for t E [0, 1], 
(3.13) 
Xn_ i+ 1 - -  Xn_  i pn - iXn- i -k  
zn-i  + t (xn-i+l - x~-i) Xn_  i -~- t (Xn_ i+ 1 - -  Xn_ i )  
Xn- i -k  >_ p,~-~ 
Xn--i 
i= l , . . . , k .  
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By (3.13), 
Xn- - i+ l  -- Xn-- i  
x._~ + t (x._~+~ - x._~) 
Integrating (3.14) over [0,1], we get 
l n ~  Xn-- i  
Xn-- i  + l 
( k 1) 
>_Pn-~ 1 -2p ,_ i _~(~+e) j  
j= l  
E 1 > Pn- i  1 --  Pn - i -~  x., () ' + e~j  ' 
]- 
:1=1 
For i = l, again integrating (3.14) over [O,~] yields 
Xn- l  
z . - i  + ~(z.-~+x - z._~) 
-1  
In 
(3.14) 
i = l + 1, . . . , k .  (3.15) 
(k 1) 
j----1 
Summing (3.15) from i = l + 1 to i = k, then adding (3.16), we obtain 
In xn - k 
In view of (3.12), we have 
( )1 
k k 
>_ E Pn_  ~ l _ Epn_i_  j 1~ 
- - (&+e)k ln(&+e)  k ~ (&+e) k 
On the other hand, 
-1  
(! )1 
k 1 
+ ep.-~ - )'-~p,,_~_~ (~ + ~)~ 
p,,_, 1 - )~p, , _ , _ j  (~, + ~)j 
~=l+l j= l  
1 - ~"~ pn- t -  ~ (,,k + e.)j • 
3"=1 
-1  
+~pn-l 
:En-I "J- ~ (Xn-l-J-1 -- Xn-- l )  -- Xn+l  = -- E (Xn--i'J ' l -- Xn- - i )  "j- ~ (Xn--lq-1 -- Xn-- l )  
i=0 
I - I  
= Epn_ixnLi_k + (1 -- ~)Pn--tXn--t--k 
i=O 
1 ) 
Pn- i "  - . - / , ,=0  ( + ~) (2 + ~)~ ~n-~. 
It follows that 
xn-1 + ~ (x . - l+ l  - x._~) 
l--1 
Xn-I-1 )> E 1 1 
- ~ - P" -~ (~ ~- 6)~ + (1  - ~)p , . _~ (~ + ~)~. 
Xn-k  i-~O 
| -1  1 1 
Xn+l ~ EPn_  ~ (A -I 7- e) ~ + (1 - ~)Pn-I (A + e) l" 
~n-k  i=O 
Xn--k  
Using (3.12) in (3.18) leads to 
(3.16) 
(3.17) 
(3.18) 
()~ + e)  k - ~ (3.19) 
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Adding (3.17) and (3.19), we have 
(A + e) k [1 - ln(A + e) k] x~+l 
Xn-k  
[ { 1 ( k 1 ) -1}1  
k 
(A+e) k 1 -ZPn- i - j (A+e) j  • >_Zpn- i  min (A+e)i  , 
i=0 j= l  
Taking the limit superior as n --~ oo and using Lemma 2.3, then letting e --* 0, we get a contra- 
diction. The proof is complete. 
The following theorem could be proved in a similar way to that of Theorem 3.4, Thus, the 
proof is omitted. 
THEOREM 3.5. 
oscillate if 
Assume that 0 <_ a <_ kk+l/(k + 1) k+l. Then all solutions of equation (1.i) 
k 
l imsupZpn_ i  > Ak(1 - klnA) - ~, 
n---~ co  i=0 
where A and ~ are defined as in Lemma 2.1 and Lemma 2.3, respectively. 
EXAMPLE 1. Consider the equation 
(3.20) 
Xn+l  - -  X n "J¢- pnXn_  2 = O, (3.21) 
in which 
22 
p2m = ~,  
where c > 0 is a constant. 
It is not difficult to see that 
2 2 mTr , 
P2rn+l = ~g + csin 2 --~-, m=0,1 , . . . ,  
22 
# = liminfpn 
22 
lira sup Pn = -~ + c, 
~---~ CO 
A = A ,-~ 0.666679, 
2 23 
a = liminf ) .p~_ i  = - -  
n--*oo - -  33 ' 
i=1 
2 22 
lim sup Z Pn-i = -~ + c, 
n- -}  OO i=O 
= A ~ 0.48315. 
Thus, (1.2) and (1.4) are not satisfied; (1.3) is satisfied when c > 5/9; (1.5) is satisfied when 
c > 0.8299; (1.6) is satisfied when c > 0.4863767. However, (3.1) and (3.6) are satisfied when 
c > 0.081572; (3.8) is satisfied when c > 0.09379; (3.20) is satisfied when c > 0.27514. Oscillation 
of (3.21) follows from relative theorem. 
EXAMPLE 2. Consider the equation 
x,+l - xn + pnxn-3 = O, (3.22) 
where Plsn = P15n+l . . . . .  P15n+7 = 0.1,  P15n+8 = P15n+9 . . . . .  PlSn+14 = 0.15, n = O, 1, . . . .  
It is easy to see that 
33 ~3 34 
# = lim inf Pn ~e~ = 0.1 < --44, a = lim inf ~.., pn_ in_ oo  = 0.3 < --44, 
i=0 
3 
limsup Zpn_  i = 0.6, l imsuppn = 0.15. 
r~---}oo ~0 n .~oo 
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As in [10], we have 
f(¢~) ..~ 1.84146, 
I + In f (a )  
1 - a -  X/1 - 2a ,a2  
1 - a -  x/1 - 2a -  a 2 
0.0716, 
f (a )  2 
0.802. 
3 13  }] 
PlSn+14-i min (1 -- PlSn+ll- if(ot)) -1, f(c~) H(1 - PlSn+14-i-Jf(ot))-1 
j--1 i=0 
{ }] ~ 0.15 ~ min  (1 - 0.15 x 1.84146) -~ 1 (1 - 0.15 x 1.84146) .3  
' 1.84146 
i---0 
~ 0.15 x (1 + 1.381788 + 1.4232 + 1.4232) = 0.786958. 
Thus, none of condit ions (1.2)-(1.7) is satisfied. 
However, since 
A = A(O.I) ~ 0.815854, A = A(O.I) ~ 0.397865, 
and so 
/3 = max {0.3978654, 0.0716} ~ 0.0716, Ak(1 -- k lnA) - /3  ~ 0.802, 
[{ ( 3 1 1}] 
~P15n+14- i  min ~/ ,A 3 1- -EP l5n+14- i - j -~ i  
i=0 j=l ] 
[{1081 8 4 ( ~ 0 .15~ rain 0.815854 a 1 -0 .15~ 
i=0 j= l  
0.15 × (1 + 1.2257 + 1.5024 + 1.7263) = 0.81816. 
1}1 
Thus, (3.10) holds. According to Theorem 3.4, equation (3.22) oscillates. 
The above examples i l lustrate that  our theorems essentially improve condit ions (1.5)-(1.7). 
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